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Shear Flow of Liquid Crystals
with the Gay-Berne Potential
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Suita, Osaka 565, Japan
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Computer simulations of steady shear flow of nematic phases are performed using a non-
equilibrium molecular dynamics. The SLLOD-type algorithm is applied to the shear flows of
Gay-Berne fluids which are nematic in the equilibrium states. Two Gay-Berne potentials with
u=1,v=2and y=2, v=1 are used and both molecular aspect ratios are set equal to 3. In the
initial stage of shearing various patterns of the transient behavior are found in the order
parameter and orientation angle, according to the initial conditions and shear rate. In the
steady state the director is inclined to the flow at a constant angle regardless of the shear rate
and the system becomes more highly oriented state. The fluids exhibit shear-thinning in visco-
sity and non-zero first and second normal stress differences.

Keywords: SLLOD algorithm; liquid crystalline molecule; Gay-Berne potential; steady shear
flow; rheological properties

1. INTRODUCTION

Molecular dynamics simulations of liquid crystalline molecules at equili-
brium have been carried out actively. Gay-Berne potential [1] has been
used as a model potential for liquid crystalline molecules and many calcula-
tions for a phase transition have been performed [2-4]. Yoshida et al. [5]
used a model molecule composed of a linear array of spherical interaction
elements to study the nematic-isotropic phase transition using the Monte
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Carlo method. As computers become more powerful, the use of real
liquid crystalline molecules like 4-n-pentyl-4’-cyanobiphenyl(5CB) has
been attempted for reproduction of exact experimental data [6-8].
These simulations of realistic systems, however, may involve difficulties
in providing a straightforward insight into the nature of intermolecular
interactions responsible for the formation of liquid crystalline phase,
because all possible contributions from various types of interactions can
be hardly separated.

Nonequilibrium molecular dynamics (NEMD) is a technique used to
simulate the behavior of a system subjected to an external field. The
SLLOD algorithm was originally developed for the shear flow of atomic
liquids by Evans and Morris [9]. The rheological behavior of n-alkanes was
calculated by using the SLLOD algorithm and it was found that the shear-
thinning at low shear rates and shear-thickening at high shear rates were
observed in the viscosities [10-12]. Viscometric functions of polymeric
fluids modeled by a finitely extensible nonlinear elastic (FENE) and genera-
lized Lennard-Jones (GLJ) dumbbells have been investigated [13]. Recently,
Dlugogorski et al. developed the SLLOD algorithm for the Gay-Berne
potential, which is ellipsoid of revolution, by taking a fluid vorticity into
account [14]. They calculated the rheology and the structure of systems
composed of ellipsoids of revolution in a isotropic phase, and found the
build-up of a highly ordered structure exhibiting global orientation of par-
ticle in the direction of the vorticity axis.

In the present work, we simulate the steady shear flows of liquid crystal-
line molecules in a nematic phases at equilibrium. We use the Gay-Berne
potential and apply the SLLOD-type algorithm developed by Dlugogorski
[14] to the present simulations. First, the nematic phase at the initial
condition of the steady shear flows is obtained by means of the equilib-
rium calculations. Then, the steady shear flow is imposed upon the ne-
matic phase using the SLLOD-type algorithm and the Lees-Edwards (LE)
boundary conditions [15]. We examine the change of structure of the
system including a transient behavior in the start-up flow, and the
rheological properties.

2. POTENTIAL AND NEMD SIMULATION ALGORITHM

Gay and Berne proposed a function which gave the best fit to the pair
potential for the molecule consisting of four Lennard-Jones atoms separated
by a distance of (2/3)0; ¢ is the collision radius of the Lennard-Jones atom
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[1]. The so-called Gay-Berne potential is

- 12
G, G r)=4e(ih. .. F >
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where 4, #; are the unit vector giving the orientation of the two mole-
cules and 7 is the unit vector along the intermolecular vector r=r, —r;.
Here, the well depth of the potential &(4;, 4;, #) and the intermolecular
separation ¢(#;, #;, #) are orientation-dependent Lennard-Jones para-
meters, and their full expressions contain four model parameters; ratio
o,/0,, ratio g./e, u and v (see [1] for explicit expression). ¢,/0, is the
molecular aspect ratio, ¢,/¢, the ratio of the well depths for the end-to-
end and side-by-side configurations and x and v are treated as adjustable
parameters.

In the present work, o,/0 is set equal to 3 and ¢,/¢, 18 equal to 0.5. Two
sets of parameter for u and v are used: (1, v) =(1, 2) and (2, 1). The difference
of these parameters does not affect the relative well depths for the side-by-
side or end-to-end configurations and the side-by-side configuration is rela-
tively more stable with respect to the cross and tee configurations for both
potentials. However, the well for the side-by-side configuration of the poten-
tial with (g, v)=(1, 2) is deeper and therefore the strong intermolecular
force is expected. We will call the potential with (g, v) =(1, 2) the strong
potential and that with (g, v)=(2, 1) the weak potential.

In the case of Lennard-Jones particle, the NEMD simulations for shear
flows have been performed using the SLLOD algorithm, which was deve-
loped by Morris and Evans {9]. The translational equations of motion in
the SLLOD algorithm are

Fi=p;/m;+r;-Vu (2)

pi= Fi—p;Vu—o,p, (3)

where r;, p;, and F; are the position, the peculiar linear momentum and the
force according to the ith molecule. u represents the field of the fluid
velocity. «, is derived by use of Gauss’s principle of constraint and for a
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steady simple shear flow it is given by

2
1 N 3
Iy

N pi Fi—3EIN p. p;i
a-lpt 7 l—lpl.\:pl}" (4)

where ¥ is the shear rate.

For the rigid bodies such as Gay-Berne-like molecules, the rotational
equations of motion are required. Dlugogoski et al. [14] proposed a new
form of the SLLOD algorithm with extra terms due to the explicit coupling
between the velocity field and the rotational motion of molecules. The
SLLOD-like modification for the rotational equations of motion is given by

LizTi_aZLi )
Li=lLo, (6)
o, =@, + £, (7)

where L, and T, are the angular momentum and the torque. I, represents
the inertia tensor. The angular velocity o is the sum of the peculiar angular
velocity & and the vorticity field , where  =rotu. a, is given by

v, = ZL Ly, % (B, +N9pi) + ATpv' — 1 RQ} -6, (8)
- Lo Lo,

for the steady shear flows. Suffix p denotes the values according to body
fixed coordinates, and R is the rotation matrix. If y =0, then Egs. (2)—(8)
reduce to the equations for the equilibrium states.

These equations of motion are implemented in conjunction with the perio-
dic boundary conditions of Lees and Edwards [15]. The schematic des-
cription of the Lees-Edwards boundary conditions is shown in Figure 1.
The row of bricks immediately above the central cube slides with uniform
velocity 7L in the positive x-direction and the row of bricks below the
central cube slides with — 7 L. If a molecule passes through the top face as
shown in Figure 1, then the position and velocity of the molecule are re-
placed by

r®* =(r;—Lte,)modL, )

s new __ o K3
FI=F,—7Le

X
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FIGURE 1 Schematic description of Lees-Edwards boundary conditions.

where ¢ is the time and e, the unit vector in the positive x-direction. If the
molecule passes through the bottom surface, a similar procedure of replac-
ing should be done.

Dimensionless quantities, denoted by an asterisk superscript, are used in
the present simulation. For example, the dimensionless length, linear mo-
mentum, time and temperature are defined as

kT
d p S S . LY (11)

- > p*= > t* - 2 >
Go me, Jmag/e, €o

where kg is the Boltzmann constant.
The order parameter S and the director n of the system were calculated
during the simulation. The order parameter is defined as the largest eigen-

value of the Q-tensor:

1 X 34,0, — 0,
Qaﬂz‘]\’] Z( g ﬂ)~ (12)

i=1

The director is obtained as the corresponding eigenvector.
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The stress tensor is given by

1 N .. D; N-1 N
a“ﬂz _T/<i;1‘;:”f2+ Z Z'rijaFijﬂ> (13)

i=1 j>i
Therefore the viscometric functions are defined as follows,
M =04/ (14
N2 =0yy/7, (15)

N,=o, a0, (16)

N,=0,~—0,, (17

where 1, and #, are the shear viscosities, N, and N, are the first and second
normal stress differences, and V denotes the total volume of the primitive
cube.

The equations of motion were solved by the modified leap-flog method
using time step of between 0.001 for high and 0.002 for low shear rates. All
the simulations were performed for 108 molecules in a cubic box where
Lees-Edwards boundary conditions [15] were applied. As the shear was
imposed upon the equilibrium states at the time ¢ = 0, the structure of the
system showed the transient behavior. Therefore the data of steady states
were collected after the initial 100,000 time steps.

Before the shear calculations the equilibrium calculations were carried
out for various temperatures. Figure 2 shows the temperature dependence
of order parameter. A scaled number density p*(= Na3/V) is set equal to
0.3. The system was found to form a variety of meso-phases as the tempera-
ture was lowered. In the present work, we used the nematic phases as the
initial states where the shear flows were imposed.

3. RESULTS AND DISCUSSION

3.1. Transient Behavior

Since the Heaviside shear rate function is imposed upon the system which is
initially at equilibrium, the structure of the system changes largely at the
initial stage of the flow. It is expected that pattern of the transient behavior
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FIGURE2 Temperature dependence of order parameter.

depends on the initial conditions of the order parameter and orientation
angle, and on the magnitude of shear rate.

Figure 3(a) shows the change of the orientation angle 6, with time, and
Figure 3(b) shows the corresponding change of the order parameter. The
angle 0, in the equilibrium state cannot be controlled because of the peri-
odic boundary condition. Therefore we examined the dependence of 6, on
the transient behavior by imposing the shear flows with opposite directions;
a positive and negative shearing. In Figure 3 the shear flow is imposed upon
the same initial state for the weak potential; T*=0.7, §;=0.690,
0., =7.82° 8, rapidly increases and approaches the steady state with a
fluctuation for 7* = 1. In the steady shear flow of real low molecular liquid
crystals, the director is inclined at a constant angle for aligning nematic LCs
and tumbles for tumbling nematic ones. However only the aligning beha-
vior was observed in the present calculations. For the negative shear flow of
7% = —1, which means that the shear flow is imposed in the opposite
direction, the director rapidly rotates in the opposite direction of vorticity
of the flow field and is inclined to the flow direction at the same angle as for
y* = 1. The order parameter increases and asymptotically approaches the
steady value for §* =1, while for j* = — 1 it significantly decreases at first
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FIGURE 3 Transient behavior of orientation at the inception of shearing: (a) orientation angle;

(b) order parameter. T* =0.7.
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and then increases from the minimum to the same steady value as for
7* = 1. However, if $* <0.1, the drop of order parameter in the negative
shear flow was hardly seen.

Figures 4(a) and 4(b) show the results for the initial state different from
that of Figure 3; T* =0.67, §, = 0.7120, 6, , = 36.6°. For y, = — 1, the direc-
tor tumbles only once in the same direction of vorticity in the initial stage of
the shearing. Following the tumbling, there is a sharp reduction in the order
parameter, and the order parameter becomes minimum when the director is
perpendicular to the flow direction. Larson [16] predicted the decrease of
the order parameter due to the tumbling for liquid crystalline polymers
(LCPs) using the Doi theory [17].

3.2. Alighment and Rheological Properties

The continuum theory of Leslie-Ericksen [18-20] has been well applied to
the flow of small-molecule nematics. It predicts that the orientation angle 6,
keeps a constant value regardless of shear rate in the steady shear flow for
aligning nematics. However the LE theory is restricted to small rates of
deformation. On the other hand, the molecular theory of Doi [17] with
decoupling approximation predicts that 6, decreases with increasing shear
rate at higher shear rates while the order parameter increases {21].

Figures 5 and 6 show the shear rate dependence of orientation angle in
the present simulation. It is found that the orientation angle is independent
of shear rate and the value for the weak potential is smaller than that for
the strong potential. Dlugogorski et al. [14] found that the system consist-
ing of spheroids that interact via Gay-Berne potential built the microstruc-
ture preferentially oriented along the vorticity axis. However, we could not
observe the tendency, and the director was in the shear plane even when it
tilted toward the vorticity axis in the equilibrium state. Dlugogorski et al.
[14] assumed o,/c,=1.9 in the Gay-Berne potential, which means less
anisotropic molecule than that used in the present calculations. Further-
more their equilibrium state as the initial condition was an isotropic phase.
These differences of conditions may be the cause for discrepancy between
both results.

The corresponding results for the order parameter are shown in
Figures 7 and 8. The order parameter significantly increases with increasing
shear rate. At high shear rates the system indicates a high orientation
(S = 0.9). Its value corresponds to that for the smectic phase in the equili-
brium state; nevertheless we could not find the shear induced smectic-like
phase such as Dlugogorski et al. [14] obtained.
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FIGURE 4 Transient behavior of orientation at the inception of shearing: (a) orientation angle;
(b} order parameter. T* = 0.67.
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FIGURE 7 Shear rate dependence of order parameter for the strong potential.
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FIGURE 8 Shear rate dependence of order parameter for the weak potential.
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The shear-thinning property in viscosity is found for both results at =1
and v=2 (Fig. 9) and at y =2 and v = 1 (Fig. 10). The viscosity for the weak
potential shows more shear-thinning and at high shear rates its value be-
comes less than that for the strong potential. This is considered to be
related to the fact that the order parameter for the weak potential is higher
than that for the strong one.

Figure 11 shows the mean values of the first and second normal stress
differences. Both N, and N, are not zero, and the sign of N, and N, are
the same as for isotropic viscoelastic fluids, that is N, >0 and N, <O.
Since the error bar for 7 < 0.1 was too large to make the results meaning-
ful, we omitted these results from Figure 11. The ratio |N,/N,| varies
between 0.5 and 0.8. These values seem to be higher than those predicted
by the Doi theory (1/7<N,/N,; <1/5) and for MBBA (N,/N,=037)
[22], which is one of the typical small-molecule liquid crystals. However,
both N, and N, are proportional to j as the Leslie-Ericksen theory pre-
dicts.

L ﬂ:l’ y=2-
10 -@—g— \%\ ]
" I §\Q~ ]
—— 771* 1
= 772* ﬁ
-1 el b sl T
10 1071 100
7

FIGURE9 Viscosity for the strong potential.
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4. CONCLUSIONS

This work presented NEMD simulation for the shear flows of nematic
liquid crystals. The SLLOD-type algorithm, which is a extension of the
particle dynamics to the rigid body dynamics, well simulated the transient
behavior after imposition of the shear flow on the equilibrium state; for
example, the significant decrease of order parameter due to the tumbling of
director. In the steady state of the shear flow, the director is inclined to the
flow direction at a constant angle regardless of shear rate. The order para-
meter of the system, however, increases with increasing shear rate. In our
studies all molecular liquids exhibit shear-thinning in viscosity and non-
zero normal stress differences. Shear-induced smectic-like phase reported by
Dlugogorski ef al. [14] could not be observed and the phase obtained in
our simulation was only the nematic phase. Thus we think that it is possible
to simulate various behaviors such as the tumbling and wagging seen in the
shear flows of real LCs and LCPs by using various of parameters in the
Gay-Berne potential, density and temperature.
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